Abstract-In narrow-band multiuser communication systems with fading diversity, it is shown that pre-combining group detection can bridge the diversity-order gap in performance between the optimum and linear detectors. For a system with M diversity channels, the group detector diversity order is M 0 jGj, where jGj is the interfering group size, a design parameter. Group detection thus provides a more substantial improvement in performance in narrow-band channels over linear detection than in wide-band channels in which the diversity orders of the optimal and linear detectors are equal. Here, the complexity of the receiver is a new parameter which, in addition to the number of antennas, can be used to control the diversity order. Exact formulas for the pairwise-error probabilities and bounds for the bit-error rate are obtained, and numerical results are shown.
I. INTRODUCTION
N ARROW-BAND multiuser communications over slowly fading channels with frequency diversity was considered recently in [1] and [2] . In this scheme, each user modulates the same waveform, and antenna diversity with coherent detection is used to resolve the users. These papers have shown that with a linear detector, the diversity order [the asymptotic slope of bit-error rate (BER) versus signal-to-noise ratio (SNR)] is decreased by the number of interfering users. A family of linear detectors is also proposed in [3] , which trade diversity order for signal-to-interference ratio (SIR), by ignoring certain users. This family of linear detectors includes both the decorrelator and the conventional receiver. In this paper, however, we will consider a family of detectors which are, in general, nonlinear.
We show that the pre-combining group detection approach proposed in [4] and [5] for the wide-band frequency-selective code-division multiple-access (CDMA) channel can be applied to the narrow-band model in order to address the problem of the aforementioned decrease in diversity order. Though the specification of the group detector for this channel is straightforward since the narrow-band channel can be seen as a particular case of the wide-band CDMA channel, its performance is very different from that in the wide-band channel. In the wide-band case, the users' signature waveforms (and their time translates due to multipath) are linearly independent, and there is no loss of diversity order due to linear detection [4] , [5] . However, in the narrow-band channel, the diversity order of the pre-combining
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Publisher Item Identifier S 0090-6778(00)03643-6. group detector is a function of the size of the detected group and hence its complexity. This makes the application of the group detection concept to narrow-band channels even more effective than in the wide-band case, since the performance benefit over linear detection is in terms of an increase in the order of diversity and not just an increase in the effective energy. The family of group detectors parameterized by the group size includes both the linear decorrelating detector (group size of one) and the optimum detector. For the narrow-band model, the performance of the group detector is easily analyzed with exact expressions for the pairwise-error probabilities, demonstrating that the diversity order can be specified by choosing the group size, and that with optimum detection, there is no inherent diversity performance loss due to multiple-access interference.
II. NARROW-BAND MULTIUSER SYSTEM MODEL
In the narrow-band channel model, users each transmit the same waveform (or set of waveforms) during the same time interval. At the receiver, we assume that each user's signal arrives on independently and slowly fading diversity paths, either due to multiple antennas at the receiver and/or frequency diversity (multichannel). In general, transmission over channels with receive antennas with yield . We assume Rayleigh fading and that the amplitudes of the copies of the signal are independent, zero-mean complex Gaussian random variables. We further assume that perfect channel estimates are available at the receiver to allow coherent detection. A block diagram is shown in Fig. 1 .
With these assumptions, the discrete received -dimensional signal vector in the th time interval can be written as , where is a complex Gaussian vector of fading amplitudes for user with , and are the average received power per channel and th data symbol of user , respectively. Hence, is the total average received power of user , and the powers in different channels are assumed to be equal as in 0090-6778/00$10.00 © 2000 IEEE [1] and [2] .
is circularly symmetric, complex Gaussian noise with covariance . We further let the matrix , , and let be a diagonal matrix of , so that
We will assume for simplicity that the transmitted symbols are . Since we will be considering symbol-by-symbol detection, we will drop the notational dependence on the time-index for the remainder of this paper.
III. GROUP DETECTION
The pre-combining group detector for multiuser fading diversity channels was presented in [4] and [5] . This detector operates by separating the users with a linear transformation (pseudo-inverse) and then performing maximum-likelihood detection for a subset of those users. The detector is fully characterized by an index set of the users being detected. When , we have the optimum detector, and when (where denotes the size of ), we have the pre-combining decorrelating detector.
In order to specify the detection rule, we invoke a subscript convention whereby the matrix is partitioned so that corresponds to the users in the set , and is the set of users not in . Note that will be full rank with probability one. Thus, we can define the matrix , where denotes conjugate transpose, and we let the matrix denote the submatrix of whose rows and columns correspond to the users in the set . Now, we apply the pseudo-inverse of , , to to obtain (2) where has covariance . The group detector operates on the subvector , where has covariance . The detection rule for the pre-combining group detector for group is then given by
This rule is a -ary hypothesis test, so the complexity is exponential in the group size. It reduces to for unit group size (pre-combining decorrelator).
IV. PERFORMANCE BOUNDS
Bounds on the asymptotic efficiency for the pre-combining group detector were found in [6] for the wide-band CDMA channel. In this paper, we obtain bounds on error probability for the narrow-band case. If the group detector of (3) is in error, then we define as an error vector. The pairwise probability of an error vector is (4) where . Thus, we are interested in the behavior of the random quadratic form in order to evaluate this expectation. Since (5) we can rewrite the matrix as (6) where is an projection matrix. This observation allows us to simultaneously simplify and generalize the analysis of [1] . Note that , where of size , so has eigenvalues equal to one and eigenvalues equal to zero [7] .
Let be the th column of , and let , so the quadratic form in (4) can be written as (7) Since the columns of are independent and zero-mean with , has a complex Gaussian distribution with covariance . The expectation in (4) is now easily evaluated as a function of the eigenvalues of [8] . Defining (8) where (9) For the simplest case of the pre-combining decorrelator, there is only one possible error vector, and so (8) yields the exact bit-error probability for the th user with the substitution and in (8) . Thus, the pre-combining decorrelator behaves like the optimum coherent detector in a fictitious single-user channel which has an effective order of diversity equal to . The result on the order of diversity for the pre-combining decorrelator was also obtained in [1] and [2] , but those papers infer the result from an upper bound on error rate that is not asymptotically tight.
Returning to the more general group detector, the union bound on error probability for user is the sum of pairwise-error rates in (8) For small , an asymptotically tight upper bound for in (8) is [9] (11)
The union bound in (10) is further bounded by substituting (11) for (8) . Defining , we have
When the user's powers are equal, i.e., , (12) simplifies to (13) Error probability is lower bounded by the "minimum distance"
, which is easily seen to be the th unit vector , so
Hence, the error rate of the optimum detector in a single-user channel of diversity order is a lower bound on the error rate of the group detector. It is clear from the upper and lower bounds in (12) and (14) that the exponent is the diversity order of the pre-combining group detector.
For the optimum detector, all users are in the detected group with , , and so the diversity order is . There is hence no inherent loss of diversity order due to the presence of multiple users.
Examples of the performance bounds in (10) and (14) using (8) are shown in Fig. 2 for a five-user example with and for values of . Even at low SNR, these bounds are quite close together. The asymptotic upper bound in (13) is also plotted. It is readily seen that the corresponding diversity orders of 1, 3, and 5 correspond to high SNR slopes of 0.1, 0.3, and 0.5 decades/dB. In general, the upper and lower bounds of (10) and (14) will not be asymptotically coincident. The SNR gap between the bounds can be verified to be equal to in decibels. Figs. 3 and 4 are similar to Fig. 2 but with and , respectively, and , , and . The BER is plotted for user 1. The upper asymptote in (12) is also shown. The gaps between the upper and lower bounds are more evident in these figures.
With the assumption of perfect interleaving, the results of this paper can be easily extended to analyze coded systems with soft-decision decoding (where the decoder takes the group detector soft outputs in each symbol interval). In this case, for a single-user error sequence of Hamming weight , the diversity order can be shown to be the product of and the uncoded diversity order . Thus, for a code with minimum weight , the diversity order of the coded system is , and the effect of group size is magnified by the minimum distance of the code.
V. SUMMARY
For narrow-band multiuser communication systems with fading diversity, we have shown that group detection can bridge the diversity-order gap in performance between the optimum and linear detectors. For a system with diversity channels, the group detector diversity order is , where the interfering group size is a design parameter. Thus, by introducing additional complexity at the receiver, the diversity order can be increased to any desired level up to . This allows the system designer a software/firmware alternative to adding antenna hardware in order to increase performance. As the examples show, a modest increase in diversity order can be quite significant, and this performance increase may be sufficient to obviate the need for the optimum receiver.
